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Abstract 

Using a calibration method we prove that, if V C fi is a closed regular hypersurface and 
if the function g is discontinuous along T and regular outside, then the function up 
which solves 

Au = (3(up -g) inn\T 
d v up = on3!2ur 

is in turn discontinuous along Y and it is the unique absolute minimizer of the non- 
homogeneous Mumford-Shah functional 
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Jn\s u Jct\s u 

over SBV (f2) , for (3 large enough. Applications of the result to the study of the 
gradient flow by the method of minimizing movements are shown. 
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Using a calibration method we prove that, if V C fi is a closed regular hypersurface and 
if the function g is discontinuous along T and regular outside, then the function ug 
which solves 

' ' Au = P(u p - g) inH\r 

i dvup = on on u r 

is in turn discontinuous along V and it is the unique absolute minimizer of the non- 
homogeneous Mumford-Shah functional 

/ \S/u\ 2 dx + H^iSu) + /3 [ (u-gfdx, 

over SBV(fl) , for (3 large enough. Applications of the result to the study of the 
gradient flow by the method of minimizing movements are shown. 



1 Introduction 

The Mumford-Shah functional was introduced in |i~S[ ] within the context of a variational approach in 
Image Segmentation. In the SBV setting proposed by De Giorgi (see ||) it can be written as 

F(u)= [ \Vu\ 2 dx + aH n - 1 {S u )+ 13 j (u-g) 2 dx, 
Jn\s u Jn\s u 

where g : £1 — > R is the given input function, a and j3 are positive parameters, 7i n ~ l is the (n — 1)- 
dimensional Hausdorff measure, u is the unknown function in the space SBV(fl) of special functions 
of bounded variation in 17, S u is the set of essential discontinuity points of u, while Vw denotes its 
approximate gradient (see p|). 

In dimension two, the function u which minimizes F over SBV(fl) (whose existence is stated in 
[Q) can be thought to represent a piecewise approximation of the input grey level function <?, while S u 
represents the set of relevant contours in the image. One of the mathematical features of the Mumford- 
Shah functional is a very strong lack of convexity, which produces, for example, non-uniqueness of the 
solution and makes the exhibition of explicit minimizers a very difficult task. Concerning this last point, 
the calibration method recently developed by Alberti, Bouchitte, and Dal Maso in |l| seems to be a 
powerful tool. For some applications of this method see Q, or Coming back to F, 

throughout the paper we keep the parameter a fixed (and, without loss of generality, equal to 1) and we 
are interested in minimizers of the functional 

Ff}, g (u)= [ |Vu| 2 dx + H"- 1 (S tl )+/3 / (u-g) 2 dx, (1.1) 
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with g piecewise smooth function. It is intuitive that taking (3 large means penalizing a lot the L 2 - 
distance between g and the solution, which is therefore forced to be close to the input function. More 
precisely it is easy to see that, if for simplicity we take g belonging to SBV(fl) such that 

Fpjg) = f \Wg\ 2 dx + H n - x {S g ) =C<+oo, (1.2) 
Jn\s g 

then, denoting by up a minimum point of Fp^ g , we have 

(up-gfdx<^M<^M^^ 
u P P P 

that is up — > g in L 2 (fl) as (3 — ► +oo. This suggests that, in agreement with our expectations, if (3 is 
large, then up should be an accurate reconstruction of the original image g. Actually, T.J.Richardson 
in p0| has proved also the convergence of the discontinuity sets in dimension two: more precisely, he has 
shown that if g is a function of class C ' 1 outside any neighbourhood of the singular set S g satisfying 
( |l.2[ ), and if S g has no isolated points (i.e. for every x € S g and for every p > 0, TL 1 {B p {x) fl S g ) > 0), 
then, as /3 — > +oo , 

Sup ~> S g in the Hausdorff metric and H (S U g) — > T-L 1 {S g ). 



In the main theorem of the paper (see Theorem 4.2), using the calibration method mentioned above, we 
are able to prove that, under suitable assumptions on the regularity of fl, g, and S g , a much stronger 
result holds true: 

Suppose that T is a closed hypersurface of class C 2,a contained in the n -dimensional domain fl (satis- 
fying in turn some regularity assumptions), and let g a function belonging to W '°°(fl\T), with S g = T 
and inf xe r(g + (x) — 9~(%)) > (where g + and g~ denote the upper and the lower traces of g on T ). 
Then there exists (3q > depending on T , on the W 1,oa -norm of g, and on the size of the jump of g 
along T , such that, for (3 > (3q , Fp i9 has a unique minimizer up which satisfies 

Sup — r. 



Let us give now a short insight into some technical aspects of the proof; we start by recalling the 
theorem on which the calibration method is based. We shall consider the collection T(fl x K) of all 
bounded vector fields <j> — (<fi x ,(f) z ) : f! x 1 -> R n xK with the following property: there exists a finite 
family (J7j)j£/ of pairwise disjoint and Lipschitz open subsets of fl x K whose closures cover fi X K, and 
a family (</>j)j 6 / of vector fields in Lip(Ui,M. n xM.) such that <f> agrees at any point with one of the <f>i . 

An absolute calibration for u € SBV(ft) in ft x R is a vector field 4> € T{fl x R) which satisfies the 
following properties: 

(a) div</< = in Ui , for every i € I; 

(b) vqu i ■ = vpjji ■ 4>~ = v dVi ■ H" _1 -a.e in dUi for every i E I, where vgu^x) denotes the (unit) 

normal vector at x to dUi , while <fi + and <j>~ denote the two traces of 4> on the two sides of dUi ; 

(6 x (x z)) 2 

(c) j < (f> z (x, z) + (3(z — g{x)) 2 for almost every x £ fl and every zel; 

(d) <j) x (x, u{x)) = 2Vu(x,y) and 4> z {x, u(x)) = |Vu(a:)| 2 — (3(g(x) — u(x)) 2 for almost every x € fl \ S u ; 

pu (x) 

(e) / <p x (x, z) dz = v u {x) for 7i™ _1 -a.e. x £ S u , where v u {x) denotes the unit normal vector at x 
to S u , which points toward u + ; 
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(f) 



rt 

J71—X 



4> x (x, z) dz 



< 1 for TL n -a.e. x £ Q and for every s, t S 



(g) cj) x (x,z) ■ v{x) = for H n -a.e. (x,z) £ d(il x M), where ^(x) denotes the unit normal vector at x 

to on. 

Note that conditions (a) and (b) imply that <fi is divergence free in the sense of distributions in x K. 
The following theorem is proved in Q . 

Theorem 1.1 If there exists an absolute calibration 4> for u in fixR, then u is an absolute minimizer 



of the Mumford- Shah functional (1.1) over SBV(fl) 



Remark 1.2 If for a.e. x £ £1 the inequality in (b) is strict for z ^ u(x) , then u is the unique absolute 
minimizer of (1.1). The proof can be obtained arguing as in the last part of Paragraph 5.8 in Q]. 




The main difficulty in constructing the calibration comes from the fact that the candidate up, which 
is the solution of the Euler equation 

■9) infAr 

ond(fi\r), v ' 

presents, in general, a non vanishing gradient and a nonempty discontinuity set. We remark that the 
case of g equal to characteristic function of a regular set (i.e. with vanishing gradient) and the case 
of g regular in the whole fl (i.e. with empty discontinuity set) have been already treated in and 
require a simpler construction. From the point of view of calibrations, the interaction (actually the clash) 
between the (non vanishing) gradient and the (nonempty) discontinuity set is reflected in the fact that 
we have to guarantee simultaneously conditions (d) and (e), which push in opposite directions. Indeed 
condition (d) says that ip x on the graph of u is tangential to T while (e) implies that ip x must be on the 
average orthogonal to T for x £ V and t between u~(x) and u + (x) ; so we have to "rotate" suitably ip x , 
preserving at the same time condition (f ) . Another difficulty comes from the fact the we have to estimate 
how quickly the gradient of up changes direction; indeed if near T it becomes suddenly orthogonal to 
r and (e) holds true, it could happen that condition (f) is violated: this risk is overcome by carefully 
estimating the L 00 -norm of the Hessian matrix V 2 up with respect to (3. In order to perform such an 
estimate we need to assume that V is of class C 2a , for some a > 0. We underline that, at least in 
dimension two, the regularity assumption is close to optimal, since, by Bonnet Regularity Theorem (see 
H) (proved for n — 2) in a neighbourhood of any regular point the discontinuity set is of class C 1 ' 1 , for 
every g £ L°°(Q) . 

The starting point for the construction of (p is the following remark: if we fiber a neighbourhood of 



the graph of up by the graphs of a family of function (vt)teR all satisfying (1.3) and we let if to be the 
vector field equal to 

{2Vv tl \Vv t \ 2 -P{v t -g) 2 ) 

on the graph of v t , then if is divergence free. Unfortunately this construction works only locally (i.e., in 
a neighbourhood of T), but we will see how to modify it suitably in order to get it working "globally". 

As an application of our theorem, we give a proof of the following fact: if u is regular enough outside 
a smooth singular set S uo , then the gradient flow u(x, t) of Uq (via minimizing movements, see next 
section for the definition) for the homogeneous functional 



F (u)= / IVul'dx + H 11 - 1 ^), (1.4) 
Jn 

keeps, at least for small times, the singular set of u(-,t) equal to S Uo , while u evolves in fl \ S Uo 
according to the heat equation with Neumann boundary conditions on <9(f2 \ S Uo ). This result was 
proved in dimension one by Gobbino (see pd||), with a slightly different definition of gradient flow. 
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The plan of the paper is the following. In Section 2 we recall some definitions, fix some notations, 
and collect some results which will be useful for the proof of our theorems. In Section 3 we provide the 
estimates we mentioned above on the norm of the solutions of (1.3). In Section 4 we give the proof of 
the main result and, in dimension two, we extend it to the case of O with piecewise smooth boundary 
(say a curvilinear polygon) and of T touching the boundary (orthogonally) . The final section is devoted 
to the study of minimizing movements. 



2 Preliminary Results 

For fixed R > , we introduce the following class of sets: 

U R = {E a R n ,E open : Vp G dE 3p',p" : 

p G dB(p', R) n dB{p", R), B(p', R) C E, B{p", R)cCE}, (2.1) 

and 

U R {Q) ={EeU R : E c n, dist(J5, dtl) > R} . (2.2) 

If E belongs to Ur and p G dE, we denote the centers of the interior and exterior balls associated 
with p by p' and p" respectively; moreover, we call S P E the class of all coordinate systems centred at p 
such that the vector jj^ip" — p') coincides with the n-th vector of the coordinate basis. The following 
proposition is proved in ( Jl6fl ) 

Proposition 2.1 There exists a constant p > (depending only on R ), such that for every E G Ur(CI) 
and for every po e dE , if we call C the cylinder {x G R™ _1 : |x| < p}x]—R,R[ expressed with respect 
to a coordinate system belonging to <Sj^° , then dE n C is the subgraph of a function f belonging to 
W 2,ca {{x € R"^ 1 : |x| < p}) . Moreover, the W 2 '°° -norm of f is bounded by a constant depending only 
on R (independent of po , of E and of the choice of the coordinate system in ). 



Remark 2.2 Note that if is bounded and of class C 2 then there exists R > such that f2 S Ur . 
For E C 1" , we define the signed distance function 

d E {x) = dist(x, E) - A\st{x, CE). 
Now we are going to state some basic properties of that function; for a proof see, for example, JToj ] . 

Lemma 2.3 i) Let x be a point of R" . Then d_e(x) is differ entiable at x if and only if there exists a 
unique y 6 dE such that |c2e(x)| = \x — y \ . In this case, we have 

Vd E (x) = 

dE\X) 

and we can define the projection on dE tte(x) '■=])■ 

ii) Let dE be a hyper surf ace of class C k , k>2. Then, for every x G dE , there exists a neighbourhood 
V of x such that d E e C k (V) and ir E G C h - 1 {V) . 
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Lemma 2.4 Let E C W 1 be an open set whose boundary is a hypersurface of class W 2, °° . Then for every 
x € d£l, there exists a neighbourhood V of x where tte is well defined and such that dE € W 2, °°(V(x)) . 
Moreover, denoting by Ai < ■ • • < A„ the eigenvalues of V 2 dg and by ki(y) < ••• < k n -i(y) the principal 
curvatures of dE at ir(y) , we have 

JO if i = l 

Al :_ 1 h=iiiH ifi>i 



Lemma 2.5 Let E be an open set belonging to IAr, for some R > 0. Then the projection tte is well 
defined and of class W l, °° in the (R/ '2) -neighbourhood of dE , and therefore dE is of class W 2% °° in 
that neighbourhood. Moreover we have: 

\\d E \\w 2 .°° < C and WtteWw 1 ^ < C, 
where C is a positive constant depending only on R . 

PROOF. The fact that tie is well defined in the (R/2) -neighbourhood of dE (denoted by (dE) R / 2 ) is 
an easy consequence of the definition of IAr: indeed let i be a point of (dE)n/ 2 H CE and let p € dE 
such that dsix) = \x — p\ . We claim that such a p is unique. Indeed let B(p" , R) C CE be the exterior 
ball associated with p (see the definition ( |2.lD ); since the vector p" — p is parallel to x — p (indeed both 
vectors are normal to dE at p), it is clear that B(x,dE(x)) \ {p} C B(p",R) C CE and so p is the 
unique minimum point. 

Concerning the smoothness, it is enough to prove that dE is of class W 2: °° , then we conclude by the 
equality 

tte{x) = x — dE{xy\? dE(x). 

Exploiting the definition of Ur in a way similar to the one we did above, we can easily see that, for every 
ee(0,i?/2), 

(E) £ G U R ^ £ and d {E ) E = d E - e, (2.3) 

implying that d((E) E ) is in turn of class W 2 '°° . So if x € {dE) R / 2 , then x € d((E) E ) for e = dE(x). By 
Lemma 2A there exists a neighbourhood V_of X where d(£) e is of class W 2 '°° and ||rf(£;) e Hw 2 .^ — C, 



with C depending only on R. Recalling (|2.3j), we are done. □ 



For the proof of the announced estimates on the norm of the solutions of (1.3), we will use some 
technical results coming from sectorial operators theory and from interpolation theory. 
First let us recall what a sectorial operator is. 

Let X a complex Banach space and A : D{A) — > X a closed linear operator with not necessarily dense 
domain; call p{A) the resolvent set of A and for A 6 p(A) denote by R(X, A) the resolvent operator 
(XL - A)- 1 belonging to L(X) . 

Definition 2.6 A is said to be sectorial (in X) if the following two conditions are satisfied: 

i) there exist uj £ M and 9 £ ( , tt) such that 

Se,u, := {A € C : |arg(A - w)| < 9} C p(A); 

ii) there exists a positive constant M such that, for every A G Se,uj, there holds 

\\R(X,A)\\ L(X) < 11 



\X-u\ 
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We recall that D(A) , endowed with the norm 

\\x\\ D{A) = \\x\\ x + \\Ax\\ x 

is a Banach space continuously embedded in X . 

Let CI be either M" or R™ and let A : O — > R" x ™ be a matrix with coefficients belonging to W 1 ' 00 ^) 
and uniformly elliptic, i.e., satisfying 

A(x)£ ■ { > A|£| 2 Vx € 12, G R", 

where Ao is a suitable positive constant; set 

D(A ) := iue L°°(fi) : u G W^' c p (fi), div(AVw) G L°°(f2) and ,4Vu -^Oonffi 

D(^x) := {u G L>(A) : div(AVw) G W 1 ' 00 ^) and AVw -i/^OonaO}, 
where v(x) denotes the outer unit normal vector at x to CI , and define the operators 

Ao:D(Ao) - L°°(0) 

u i — ^ /div(AVu), [ ' 



and 



: -» W 1,00 (fi) 

it i— > /div(j4Vu), 



(2.5) 



where / : f2 — > (0, +oo) is a positive function of class W 1,co satisfying: 

f(x) > Ai > Vie CI. 

The following fact is proved in |Q (see Theorem 3.1.6, page 77, Theorem 3.1.7, page 78, and 3.1.26, page 
103). 

Theorem 2.7 The operators Aq and A\ are sectorial in L°°(Cl) and W 1,00 (Cl) respectively. In partic- 
ular there exist two positive constants [3q and K , depending on the constants Ao, Ai , on W 1,00 -norm 
of A and f , such that the problem 

{fdW(AVu)=f3(u-g) in CI, 

[A\7u-v = indCl, ' 

admits a unique solution u G D{A) , for every j3 > (3q and for every g G L°°(Cl) . Moreover u satisfies 

IM|oo + /r^||v-a||oo <if|bl|oo; (2.7) 

if g belongs to W 1,0 °{Cl) then the following estimate actually holds 

||u|| W i.-+/ri||/div(AV«)||oo+ e Bup/3*||V a «|| w ^ (xo ^ ) ^ <K\\g\\ w i,~. (2.8) 

Given a sectorial operator A : D{A) — > X there is a natural way to construct a family of intermediate 
spaces between D{A) and X , by setting for 9 G (0, 1) 

D(A, 9, oo) = \x€ X : sup (t e ||AR(t, < +ocl , 
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where uj is the real number appearing in i) of Definition |2.6[ Setting 

Nz3(AAcc)= sup (t e \\AR(t,A)x\\ L(x) ), (2.9) 

t>2wVl 

one sees that [x}rj(A,e,oo) is a seminorm and D(A,9, oo) endowed with the norm 

IMIl>(A9.co) = \\x\\x + Md(AAoo) (2-10) 

is a Banach space. Moreover, for < 0\ < 02 < 1 , 

Y C 6» 2 , 00) c £>(A, 6»i, 00) C X, 

with continuous embeddings. An important fact is stated in the following proposition 

Proposition 2.8 (see Proposition 2.2.7, page 50 of p4tf) 

Ae : D(A, + l,oo) := {x G D(A) : Ax G D(A, 0, 00)} -> D(A,0,oo) 

x 1 — * Ac, 

is sectorial in D(A, 6, 00) ; moreover 

\\R{X,Ag)\\ L{D{AAoo)) < \\R(X,A)\\ L{X) . (2.11) 

Next theorem gives a useful characterization of the intermediate spaces D(A, 9, 00) in the case of elliptic 
operators. 



Theorem 2.9 (see Theorem 3.1.30, page 108 of Let Ao be the operator defined in (2.4). Then for 
every £ (0, o) , 

D(A o ,0,oo) = C°' 2e (n), 

with equivalence of the respective norms. In particular there exists two constants C\ and C2 depending 
only on the W l o ° -norm of A and f and on the constants Ao and X% , such that 

Ci\\g\\D(A ,e,oo) < \\g\\co,2<>(n) ^ C^lbllc^o.e.oo)- (2-12) 



Let us recall now the definition of gradient flow for the homogeneous Mumford-Shah functional (1.4) 
via minimizing movements (see for instance @ or ||). Let Q be a bounded open subset of K" and 
consider an initial datum uo <G i°°(r2). For fixed S > (which is the time discretization parameter) 
we can define the S -approximate evolution us(-) : [0, +00) — > SBV(£l) as the affine interpolation of the 
discrete function 

SN -> SBV{n) 
Si h-> u§,i, 

where us,i is inductively defined as follows: ug,o — uo and u§,i is a solution of 

min / \Vv\ 2 dx + H n - 1 {S v ) + \ [ \v - u 5 ^ dx. 

The existence of a solution of the problem above is guaranteed by the Ambrosio theorem (see 0). We 
call minimizing movement for F with initial datum Uq, the set of all functions v : [0, +00) — > S-BV^) 
such that, for a suitable subsequence 5„ | 0, u$ n (t) — > u(t) in L 2 (f2), for every i > 0. 
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3 Technical Estimates 

3.1 Estimates in smooth domains 

Given a hypersurface T of class C 2 a we can define 



A"(r) := sup 

x,y£T 



\x-y\ a 

where v is a smooth unit normal vector field to T and V T denotes the tangential gradient along T 



(3.1) 



Lemma 3.1 Let ft be either 1" or K™ and Aq be the operator defined in (2.4). Then for every 
7 G (0, ^) there exist two positive constants Kq and (3q , depending only on the constants of ellipticity 
Ao , Ai , on 7, and on the W 1,00 -norm of the matrix A and of the function f , such that for every /3 > (3q 
and for every g G C 0,1 ~ 7 (f2) the solution u of (2.6) satisfies 



P 2 7 \\ u ~ g\\c°n(n) < K 0\\9\\ C OA-y(a)- 



(3.2) 



Proof. Recall that u — g = AoR(P,Ao)g: in order to obtain the thesis we have to estimate the quantity 
/?'" 7 || A R((3, Ao)g\\ c a.- l( u ) ■ By Theorems |/7| and ||, by (|J) and fluc[ ), there exist C > 0, C x > 0, 
and (3q > 0, depending only on Ao, Ai , on 7. and on the W 1,OQ -norm of A and /, such that 

\\AoR(P, Ao)g\\ co „ m < C \\AoR((3,Ao)g\\ D (A 

= C [\\A R(P,Ao)g\\ 00 + sup ti\\AoR{t,Ao)A R(P,Ao)g\\ocA , (3.3) 

V *>2/3 Vl / 



and 



SUp t 2 H-Ao-Rfo-Ao^Hoo < Cl||ff|| c o,i-r ( n). 
2/3 Vl<t 



(3.4) 



We observe that fl2.7|) implies the existence of two positive constants /?o and Ci , depending in turn on 
Ao, Ai and on the W 1 ' 00 -norm of ^4 and /, such that 



WPR(l3,Ao)\\nL-m) <C 2 , 



(3.5) 



for every (3 > (3q. Using ( |3.5| ) and (|3.4|), we can estimate 



sup (3^t^\\AoR{t,Ao)A R(P,Ao)g\\ 00 = sup /Ji-Tf* \\A R((3,Ao)A R(t,A )g\\ 00 

2/3 Vl</3<* 2/3 Vl</3<t 

- sup ^||(/3i?(/3,A) -/)^oi?(t,^o) ff || 

2/3 Vl</3<t\ 5 / 



< (C 2 + l) sup *-r l ||A)i2(t,^o)5|| 

2/3 Vl<t 

< (C 2 + l)C 1 || 5 || c o, 1 -,, 



(3.6) 



and analogously 



sup /3~ ^ \\A o R(t,A o )A o R(0,A o )g\\ oo < (C 2 + I^IsHcm-,. 

2/3 Vl<*</3 



(3.7) 
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Combining (j3~6|), (3.7), (3.3), and using again (3.4), we finally obtain 



sup 0v^\\AoR(P,Ao)g\\co„(fi < C sup p^\\A R(f3,A )g\\ 



/3>2A,V1 



/3>2/3 Vl 



sup /3*-7 t 3 \\AoR{t, Ao)A R(f3, A )g\\ 

/3,t>2/3 Vl 



< C (C 1 + C 2 + l)\\g\\c^-T 



□ 



The following theorem provides the preannounced estimate on the Hessian V 2 it of the function u 
which solves we recall that (dCl')n denotes the ^-neighbourhood of c?Sl' . 



i,i 



Theorem 3.2 Let SI C W 1 be a bounded domain of class C 

i) For every R > 0, we can find two positive constants [3q = Po(R) and K = K{R) with the property 
that if SI' is a domain belonging to Ur{VI) , then for every [3 > (3 and for every g £ W 1 ' 00 (SI \ SI 7 ) 
the solution u of 



Au = f3(u - g) infl\ ST, 
d v u = on d (n \ TV) , 



(3.8) 



satisfies 



|V U ||^+r 5 l|A U |U + /3*- 1 ™ P J\X7^ Lp( ) <K\\g\\ wl , 



(3.9) 



A similar conclusion holds for the solution of 



Au = (3(u — g) in ST, 
d v u = on <9ST. 



(3.10) 



ii) For every R > 0, for every A > 0, and for every 7 £ (0,a) (with a £ (0,1)), there exist two 
positive constants (3$ = (3q(R, A, 7) and K = K(R,A,"/) with the property that if ST is a domain 
of class C 2,a belonging to IAr(£1) , and A a (dST) < A, then, for every (3 > (3$ and for every 
g £ W 1,00 (SI \ SI') , the solution u of (3.8) satisfies 



< K(3 



r+7|| 



A similar conclusion holds for the solution of problem ( 3.1C ). 



Proof. We will prove in details only ii). Fix p £ 8Q! . By Proposition 2.1 there exist two positive 
constants r\ and M\, the former depending only on R while the latter also on A Q (<9S!) , such that the 
cylinder C v := {x £ R"^ 1 : |a;| < ?]}x]—R,R[ (expressed with respect to a coordinate system belonging 
to Sq, ), intersected withST is the subgraph of a function / belonging to C 2,a (S) (S := C v n {x„ = 0}) 
and satisfying 



\\f\\c- <Mi. 

Let 9 £ Cl' a (C r >) , < 9 < 1 and 9 = 1 in 2- 1 C" ) , such that 
d u 6 = on 39! n C and \\6\\ 



G-2 



< M a 



(3.11) 



(3.12) 
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where M% depends only on R. 

Set v = 6u and note that v solves 

(Av = P(v - h) in Q! n C", 
[d v v = on9(J]'nC), 

where h := 9g + (3~ 1 (A9u + 2VuV9) ; finally, denoting by ip the map 



(xi , . . . iXn—lt %n~) 



{x\ , . . . 5 Xn— 1 j f\Xx 1 • ■ ■ i ^n— 1 ) ) ? 



and setting v v o ijj 1 and h := ho ip 1 , one sees that (recall that £ and /i have compact support in 
^(C">)) 

J/div(iV5) =^({5-/1) inRIj:, 
1iV6-2/ = on5(R^.), 



where A and / are W 1,co -extensions to R" of the matrix- valued function A := 
of the function / := |det"0| o ifj~ 1 respectively , satisfying 



Dip(Dip)* 



o -0 1 and 



and 



ll-^-ll W 1 " 00 (R™) — ll^llw rt -«'(^(C">))) ll/llw 1 - 00 ^) — ll/llw 1 - 00 (V(C?'')) 



• £ > -|€| 2 G R™, V£ G R", /(i) > - Vz G R™ 



(since ^4(0) = I and /(0) = 1, by ( |3.11 ), we can choose 77 depending only on R such that the property 
above holds true in -0(C" ) )). 

The solution v can be suitably decomposed as v = v\ + v 2 + V3 in the following way: set h\ = 9g , 
hi = /3~ 1 VmV0, /13 := f3~ 1 A9u, and hi — hiO ip^ 1 (i = 1, 2, 3) and choose Ui as the solution of 



fdiv(iVSi) =/3(« i -ft i ) 
[AV'Ui • v = 



on 



for i = 1,2,3. 

Applying Lemma |3.l| we have, for i = 1,2,3, 



/?2 1 \\v i - hi\\ c o,-, < K \\g\\ C o,i-~t, 



(3.13) 



where Kq is a constant depending only on 7 and on the norm of A, therefore (by definition of A and 
by ( 3.11 )) only on 7 and R. 

Estimate for v\ . ^From ( 3.13 ), ( 3.11 ), ( 3.12 ), and the definition of h\ we deduce 

(3^\\v x - hi\\co.i < KoKiiWgWco.i-, + /?- 1 || W || c o,i-,), 



where K\ depends only on R, and therefore, since by (2.11) and (2.12), we have 

||w|| c o,i-7 < K 2 \\g\\ c o,i-y, 

we obtain 

/?2~ 7 ||5l - ftl||cn.T < K K 1 K 2 \\g\\co,i-y, 

where K 2 depends only on R. Combining the above inequality with the well known Schauder estimate, 
we finally obtain 



V 2 5i||oo < K3||/div(AVei)||oD., = ^ 3 /3^ +7 /3" 7 ||^i - Mlc°.-» < i^o^i^2/3 5+7 ||<?||c°.— , (3.14) 
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where K 3 depends only on C 1,7 -norm of A and / and therefore only on R and A. 
Estimate for v 2 ■ Arguing exactly as in the previous point, we obtain 



(3.15) 



By the Sobolev Embedding Theorem and by estimate (f3j|) (with p = — ) we have, for > /3q and for 
every x £fl\Q' , 



< Qo||V 2 d 



Li (n\n'nB(x,0~2)) 



t«<QoOi/9 1 -»||ff|| H ri.o= 1 (3.16) 



and 



||V«||oo < QiHflll 



W 1 .' 



(3.17) 



where Qq is the constant of Sobolev Embedding and depends only on 7 while Q\ depends only on R. 
If \x — y\ > /3~2 , then, by (3.17), we infer 



|V«(*)-V«(y)|<^ ^ 



\x - y\ 



1-7 



(3.18) 



Combining ( p.lq ), (|3.17f ), and ( |3 . 1 8|) , we get 

||V«||oo.i-, < Qx{Q + l)^ 1 "* \\g\\ w i.°°, 



and substitution in (3.15), together with Shauder Estimate, yields 



|V 2 € 2 |U < K 3 ||/div(AVi; 2 )|| c o^ = K 3 0^0^\\v 2 - h 2 \\ c o,-, < K 3 K KiQi(Q a + 1)0 * \\g\\ w ^. 

(3.19) 



Estimate for v 3 . First we note that, by (2.11) and (2.12), 

llwallco.T < K 4 \\h 3 \\ c a.y, 
with K4 depending only on R; so we can estimate 

\\V3 - h 3 \\ c o.-, < ||U3||c°.T + IIMc >^ 

< (K4 + l)\\h 3 \\(Pn < 0~\Ki + l)M||u|| c o, T < r^Ki + l)K 4 M\\g\\ w i,~. 
By Shauder Estimate we finally obtain, 

||V 2 €J 3 ||oo < K 3 (K 4 + l)K4g\\ w i,oo. (3.20) 



By ( 3.11 ) and again ( |3.9| ) we have 



V 2 U|| L ^ (2 -1 C „) < C M|V 2 u|| i o o(K n) + HwH^l^^n) 



< CC' ^HV^illioo^n) + ||V 2 w 2 ||l~(r^) + I|V 2 w 3 ||l~(r^) + Nlvri.°°(R!p) i 



where C and C depend only on R. Using ( 3.14 ), ( 3.19 ), and ( 3.20 ), we finally deduce for > 0q V 1 

||V 2 W |Uoo (2 - 1Ct)) < CC'C" (0-^\\g\\ w ^ (n) + ||5||ur 1 .« ( a»)) < 2CC'C" 0^\\g\\ w ^ {RV , 

where C" depends only on 7, R, and A. Repeating all the above argument for every p £ dfl' we get 
ii). 

The proof of statement i) can be done in a similar way: by localizing, straightening the boundary, 
and using Theorem 2.7. □ 
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3.2 Estimates in domains with angles 

In the following f2 C R 2 will denote a curvilinear polygon which means that dfl is given by the union 
of a finite number of simple connected curves r 1; . . . of class C 3 (up to their endpoints) meeting at 
corners with different angles atj £ (0, 7r) (j — l,...,k). Finally we will denote by S the set of the 
vertices, i.e. the set of the singular points of dfl . 

Proposition 3.3 Let f2 be as above. Then there exists /3o > and K > such that for every (3 > (3q 
and for every g £ L°°(Q), the solution u of 



Au = (3(u — g) in £1 
d v u = on dft, 



(3.21) 



satisfies 



-j8-'||V«||oo < ^Hslloo. (3.22) 



Proof. The estimate is proved in [Q for the corresponding Dirichlet problem in a polygon, but one 
easily sees that the same proof actually works also in our case: indeed the change of boundary conditions 
does not affect the argument, and the main tool, which is a Calderon-Zygmund type inequality, proved 
in [l3| , is actually available also for curvilinear polygon, as shown, for example, in ]l9| . □ 
The following proposition is proved in [ p^[ . 

Proposition 3.4 Let Q be as above. Then there exists K > such that for every (3 > /3 > and for 



every g £ W 1,0 °(fl), the function u solution of (3.21), satisfies: 



^Wu-gWoo^KWVgW^. (3.23) 



Proposition 3.5 Let Q be as above. Then there exists a positive constant K such that for every > 1 
and for every g £ W 1,0 ° (f2) , the solution u of (3.21) satisfies: 



|Vu||oo < KWgWwi^fi* 



(3.24) 



PROOF. Fix j3 > 1; by Proposition |3.3| there exists Ao > independent of (3 such that, setting 
gx = , for A > A we have 



|Vu||oo < KVxWgxWoo < KVX 



= K 



lAull 



Vx\\ 



(3.25) 



Now set A„ 



and suppose that |jAu||oo > Ao||g||oo. It follows that A m i n > Ao (recall that 



M|oo < Hslloo): therefore, taking A = A m j n in ( |3.25 ), we obtain 

llVulloo < 2if||A«||i||«||i 



and therefore, by Proposition 3.4 , 

UVulU <2K\\g\\i,(K , p*\\Vg\\ 



< K"\\g\ 



w 1 



where K" is independent of (3. 

If IjAwHoo < Aollslloo, then we simply use the Calderon-Zygmund type estimate proved in (it is 
crucial here the hypothesis that all the angles are less than 7r ) to get the existence of a constant C > , 
depending only on , such that 



\\u\\ w ** <CNU <C|M|oo/3*. 
We conclude by applying the Sobolev Embedding Theorem. 



□ 
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Proposition 3.6 Let U, and S be as above and let T be a simple connected curve in Q joining two points 
X\ and X2 belonging to d£l\S . Suppose in addition that T is of class C 3 up to x\ and x 2 (actually it 
would be enough to take T of class C 3 in two neighbourhoods U\ and [7 2 of x\ and X2 respectively, and 
of class C 2 ' a , for some a > 0, outside those neighbourhood). Let us call fix and Q2 the two connected 
components of £l\T . Finally set d := dist(xi,iS) A dist(x2, S) . Then for every 5 < d and 7 £ (0, ^) , 
there exist two positive constants (3q and K depending on 8 , 7 , and T , such that, for every {3 > Po o/nd 
for every g £ W '°°(fij) (i — 1,2), the solution of 

- q) in Oj . 
yj (3.26) 
on dtti, 

satisfies 

l|Vu i || 2 ;ac ((r) , n n 4) +/3-(' +7 )||V 2 u i |U»((r) 4 nn,.) < K\\g\\ w ^. (3.27) 




Proof. The estimate can be performed by a localization procedure as for Theorem |3.2| and in fact we 
have only to look at what happens in a neighbourhood of x\ and X2 . We will look only at x\ considered 
as a point of 9f2i , the other cases being analogous. 



First of all, as in 1 19 , we can find a neighbourhood U = B(x\, r) n Oj of x± , for a suitable r < 6, and 



a diffeomorphism which transforms U into a right angle, more precisely we can construct a one-to-one 
map $ = ($i,$ 2 ) : U (1 ^ -► $(UnQi) of class C* 1 ' 1 such that V$(0,0) = / and $([/) = {w = 
(wi, W2) £l 2 : wi > 0, W2 > 0} n V, where V is a neighbourhood of the origin; we can endow $ with 
the further property that if v is a function defined in U with normal derivative vanishing on 9f2 f~l U , 
then «o$ _1 has normal derivative vanishing on $(<9f2 n t/) and vice-versa. It follows, in particular, that 
i>2(x) has the following properties: 

• $2(2;) = for every x £ T n U; 

• a^$ 2 = on dnnu. 

It is easy to see that we can choose a positive convex function / such that 

/(0) = 0, /'(0) = 0, and A(/ o $ 2 ) > on U' := B(xi,r') n fii , 
with r' < r , if needed. Thus we see that / o $ 2 is a subsolution of 

'Am = in [/' 

u = on r n IT 7 

a„it = on <9ft n IT 7 

^t = /o$ 2 onac/'\(a^ur) 

and therefore / o <j> 2 < u in U' . By Theorem 5.1.3.1 of [^3| (actually it is stated only for polygons, but 
it can be extended to curvilinear polygons, by the continuity method used, for example, in |l9|) and the 
Sobolev Embedding Theorem, u is in C 2 (U") , where U" = B{x\ , r") DO, with r" < r' . Therefore, since 
V(/ o $>2){%i) 7^ 0, and so Vu{x\) 7^ 0, we can say that the map \& := (v, u) , where v is the harmonic 
anticonjugate of u, is conformal in a neighbourhood U'" := B(xi, r'") n ^i , with r'" < r" , it belongs to 
C 2 (T7 77 ') and *([/"') = {w = (wx, w 2 ) £ K 2 : wi > 0, w 2 > 0} n V, where V is a neighbourhood of the 
origin. Now take a cut-off function 8 of class C 3 such that 8 = 1 on B(x\,r'" /2) n Oi , #(x) = for 
M > (2/3)r"', and = 0on 9UU T nU 777 ; note that vi := (fltti) o solves 

jA(w)A Vl = P(yi - h) in *([/"') 



9^1 = on {wi = 0} U {w; 2 = 0} n *(C7"'), 
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where h := [6g + /3" 1 (A6'w + 2VuV6»)] o I-- 1 and A := |Vu| 2 o W" 1 . 

Moreover we have that d v A = on {w\ = 0} n W ([/'"), indeed, in view of the conformality of ^f, 
this is equivalent to say that (9„|Vu| 2 = on dfl n U'" , which is true by the following computation 

d v \Wu\ 2 = d u {d T uf = 2d T ud 2 VT u = 0, 

where we used the fact that u G C 2 (U"') and 9„u = on <9f2 n U'" . As a consequence, the function 

^ _ f^(wi,w 2 ) if m > and (wi,w 2 ) G V(U'") 
\A(-w 1 ,w 2 ) if wi < and (-wi,w 2 ) G 9(U"') 

turns out to be of class C 1 up to the boundary; in particular it can be extended to a function, still 
denoted by A, belonging to C 1 (R^_) n W 1 ' 00 (R 2 ^) . Now it is easy to check that, denoting by v\ and h 
the extensions by reflection of v% and h respectively, 

(A(w)Av 1 = P(vi - h) inK 2 . 

} d v v\ = on {w 2 = 0}; 



at this point we are in a position to apply the regularity theorems stated in Subsection 3.1, obtaining the 
desired estimate for v\ . To complete the proof we can now proceed exactly as we did for Theorem B.2. □ 



4 The calibration 



4.1 The regular case 

Let f2 C K" be a bounded open subset of class C 1 ' and let Sl\ C f2 be an open set belonging to IAr{Q) 
(see (2.2)). We set il 2 := O \ fii, r := <9f2i , and, for every x G T, we denote the unit outer normal to 
<9f2i at a; by v{x) . 

Lemma 4.1 There exist two positive constants c and (3q , depending only on R, such that, for every 
> , we can find two functions Z\^ : Cli — ► K and z 2 p : f2 2 ~~ * K o/ c/ass W 2, °° with the following 
properties: 

i) \ < Zi t p < 1 in Oj, /or i = 1, 2 and z 2 ,,3 = h in a neighbourhood of dfl; 

ii) Az it p < c(3z lt p in VL l} for = 1,2; 

iii) z\fi(x) = z 2j) 3(a;) = 1 and d v Zi,p{x) = —d u z 2 ^{x) > V/3 for every leT; 

iv) \\Vz l ^\\ OQ < cy/ff and || V^^Hoo < c/3 . 

Proof. L et us denote the signed distance function from f^i by d and let ir the projection on T which, 
by Lemma 2.5 , is well defined in (T)r ; we begin by constructing z 2 ^ . Let wp : [0, +oo) — * (0, +oo) be 
the solution of the following problem 

w'p = 16/3w/3, 

M°) = V2, 
[w' p (R/2) = 0, 

which can be explicitly computed and it is given by 



w {t) 



1 



1 

2 e 4 v^i 



-4^4 



(4.1) 
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and let 9 : [0, +00) — > [0, 1] be a C°° function such that 

0=1 in[0,i?/4] = in[i?/2,+oo) and ||0|| C 2 < cq, (4.2) 
with cq depending only on R. We are now ready to define Z2,p : ^2 -> K as 



6{d(x))((w/3(d(x)) + 1/2) + (1 - 0(d(x)))l/2 if < d(x) < R/2, 
1/2 otherwise in f2 2 - 



22,/3(a:) 

First of all note that, as it is a convex combination of two functions with range contained in [1/2, 1] , Z2,p 



itself has range in [1/2,1]. Using the expression in (4.1) it is easy to see that there exist @o > 1 and 
Ci > 1 depending only on R such that 

<^(0)<-V/3 \ii/fj\ < ciy/p in[0,i?/2] and \w%\ < c x /3 in[0,i?/2], (4.3) 



for every /3 > /3q. From the first inequality we obtain immediately Hi) for 22,0 ■ Moreover, by ( |4.2| ) and 
([4.3[), we can estimate 

< \w' \ + \e'\<c 1 ^+c Q <c^, 



with c depending only on R. Finally, using again (4. 2), (4. 3), and Lemma |2.5| , we have 



|v 2 z 2i/3 | < Ki|v 2 d| + Ki|0'| + K'| + |0"| + l^llv 2 d| + |e'IKI 

< cic 2 \/^+ coci ci/3 + c + c c 2 + c ci 

where all the constants depend only on R so that we can state the existence of c > 0, still depending 
only on R, such that 

|V 2 z 2:/3 | <c[3 Vf3 > ft. 
To conclude, we define zi j : fii -» R as follows: 



zi,p{x) 



6(-d(x))((wp(-d(x)) + 1/2) + (1 - 0(-d(z)))l/2 if > d(x) > -R/2, 

1/2 otherwise in □ 



Theorem 4.2 Let fl C R" be a bounded open set of class C ' and let fl± C fl be an open set of class 
C 2,a for some a £ (0, 1) and compactly contained in . Let R > such that f2i £ Ur(VL) (see (pT2J) and 



Remark 2.i)and set V := dfli . Then for every function g belonging W 1 ' 00 ^ \ T) , discontinuous along 
r (i.e., S g — r ) and such that g + (x) — g~{x) > S > for every x £ T , there exists 0q > depending 
on R, S, A Q (r) (see ( |3.1[ ) ), and H^H^i.oo, such that for (3 > (3q the solution up of 

(Aup = I3{uf3 - g) mfi\r, 

\d v up = ondnuT, 1 ' ' 

is discontinuous along T ( S Uff — T ) and it is the unique absolute minimizer of Fp t9 over SBV(Q) . 
Proof. In the sequel wc will denote the signed distance from by d and the projection on T by tt: 



by Lemma 2.5, the two functions are well defined in (r)#/ 2 . Moreover, in that neighbourhood, d and tt 
are at least of class W 2 '°° and W 1 ' 00 respectively. 

As announced in the Introduction, the proof will be performed by constructing a calibration <j)\ 
adopting the notation introduced there, the vector field (f> will be written as 

<t>(x,z) = {(j) x {x,z),(j) z {x,z)), 

where 4> x (x,z) is a n -dimensional "horizontal" component, while 4> z is the (one dimensional) "vertical" 
component. 
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• Preparation. 

Without loss of generality we can suppose that g + coincides with the trace on T of g from r2i , while g~ 
is trace from fi 2 ■ First of all let us choose (3' , depending only on R, 5 , and || (/|| w i,oo and G depending 
on i?, such that, for j3 > f3' , 

5 

\\u/3 - g\\oo < and \Z~f3Wuf3 - gWoc < G\\g\\ w i,°a i = 1,2 : (4.5) 



this is possible by virtue of Theorem 3.2. 

As a second step, it is convenient to extend the restriction of up to fli (i = 1,2) to a C ' function 
utjj defined in the whole il , in such a way that 

3 

v>i t p(x) = Up{x) for x G f2j, Huj^H^,^ < cIIw/jIIh' 2 ."", and ui i( g - u 2 ,p > -S for every icSl, 

(4.6) 

where c is a positive constant depending only on R : this operation can be performed in many ways, for 
example, to construct u 2 ,p we can extend the resctriction of up to f2 2 in a neighbourhood of T by a 
standard localization procedure and then we can make a convex combination through a cut-off function 
with up — (3/4)5 (recall that by definition of 5 and by fl4.5| ), we have u^ — u^ > (3/4)5 on T); it is 
clear that all can be done in such a way that the constant c depends only on the "C 1 ' 1 -norm" of T and 
therefore only on R. We require also that 

d u ui.p = on dil. 



By (3^) and (4.6), we can state the existence of two positive constants K and /3" depending only on 
R such that 



iVu^Hoo < K\\g\\ w i.oo »=1,2, (4.7) 



for every (3 > ft" . 

Let 0"' > satisfying 



\\[W' = m^x{4(K\\g\\ wl ^) 2 ,64/S 2 ,(3',f3",Po} + 1, (4.8) 

where flo is the constant appearing in Lemma |4.l| . Let Zi t p"> and z 2t pn> be the two functions constructed 
in Lemma 4.1 with A = /?'" and define v±, v 2 as follows 



Vi(x) 

and 

v 2 (x) ■■ 



I zi t pi"{x) if x G fli 

^2 - Z2,/3'"(x) if ^ G ^2 

za,P"'{x) if x £ Q 2 

2 — zi t pi"(x) if a; G Qi . 



From the properties of (i = 1,2), as stated in Lemma 4.1, it follows immediately that vi G W 2: °°(il) 
and 

HVviHoo ^i^iv//^ 77 , ||V 2 ^||oo <Ki&" i = l,2 (4.9) 

where is a positive constant depending only on R. Note that V«i(x) = — Vz^aO for every 
We remark also that, for x G T, by construction, 



|V»i(a;)| |V«a(as)| 
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where v{x) denotes the unit normal vector at x to T (outer with respect to fii). We set 



(4.11) 



for every Moreover, using (4.9) and in) of Lemma 4.1, we can find a positive constant D < i?/2, 

depending only on i?, S , and ||g||v^i,oo , such that 



|V«i(x)|>i ^ (7r(x)) r^M if | d(a; )| <£»,< = 1,2. 



Applying ra ) of Lemma hi , we get 

|Vui(a;)|2 > y^"> max {8/5, 1} i = 1, 2, 
where the last inequality follows dire c tly f rom (ff 



Moreover, combining Lemma LI, (L7), and (|4.q) , we deduce 



4|V Ui , /3 (x)| 2 - ||Vw,-(ai)| < 4(i<:|| 5 || WI ,oo) 2 ' 



G 



< _i 



and analogously 



i|V«i(s)| »||V«i^||oo < 



« = 1,2, 



for every igT and for every /3 > j3'" . 
Let e £ (0, 1) be such that 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



6e||Vu i , /9 || 00 + 4e 2 ||Vt; l || co < - for i = 1, 2 and /3 > /3"'; 



(4.16) 



by Q and ( O) (and the definition of 0'") we see that e can be chosen depending only i?, 5 and 
Ugll^i.oo . By (4.11), it follows, for every x e L, 



therefore, by (|4.16| ), 



4(/ i ) 2 ||V Wl || co > 4(/i) 2 (-l)*+ 1 cU i = 4- I > i, 



e < Vx e L. 



(4.17) 



Let 7 be a fixed constant belonging to (0, ^ A a): by applying k) of Theorem 3.2, we can find two 
positive constants /3 1V and K 2 depending only on R and A Q (r) (and 7) such that 



\V 2 U/3 \ 



< K 2 pi+->\\g\\ wl , 



(4.18) 



for every /? > /3 1V . 

We can define, for (3 > 0, 

fys (at) 



YM?r(aj)) -M +7l |^)l) Ve if \d(x)\ < D 
e if |d(x)| > L>, 



where 71 is a fixed constant belonging to (7,5). It is easy to see that there exists /3 V > depending on 
D (and therefore only on R, S , and UgllvK 1 - 00 ) such that hp is continuous (in fact Lipschitz) for (3 > (3 V . 
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Using ( 4.13 ) , ( 4.11 ) , (4.9), and Lemma 21 , we have 



UVMloo < C f-J= (j + lj llV^IUUVTrlloo+M+^llVdllooj <^ 3 /3' +71 , 

where K% is a positive constant depending on R, 5, and H^Hty 1 - 00 ■ 
Finally we set 



(4.19) 



and 



Pi = max{/3", P'", /3 1V , /3 V , 1} 
Avi(x) 



Vi{x) 



notice that by (4.9) we get 



KiP'" 

< — r"T~ < 2KiPi for every x £ 

Vi{x) 



(4.20) 



(4.21) 



(4.22) 



• Definition of the calibration. 
From now on we will assume P > Pi ■ Let us consider the following sets 

Ai := {(x, z) £ Q x M : 11% p(x) — hp[x) < z < Ui t p{x) + hp(x)}, i = 1, 2. 



(4.23) 



Since , by (L6),ui.p(x) — U2,p(x) > |5 everywhere, noting that hp < 5/8 everywhere (by ( |4.13| ) and 
( 4.11 )), we see that 

dist(Ai,A 2 )>- iorp>pi. 

The crucial point is in constructing the vector field around the graph of up , i.e. in Ai n (flj x K) : here 
we have to provide a divergence free vector field satisfying condition (d) of Section 1 and such that 

4> x {x, z) ■ v u „ > for x £ T and u 2 ,p < z < Ui t p, 
<f> x (x, z) ■ v Uf3 < for x £ T, z < U2,p or z > Ui,p. 

These properties are crucial in order to obtain (e) and (f) simultaneously. 

The remaining work is a matter of finding a suitable extension which preserves all the properties of 
calibrations. 

We start by giving the global definition of the horizontal component (j) x : 



2Vu it p - 2^^V« 4 




jg ((-!)*(* - u i; p) - ^) + Vu hP if (x, z) £ Ai, i= 1, 2, 

otherwise in f2 x R. 



(4.24) 



Concerning <f> z , we begin by defining it in Ai PI (fli x 

2 



<i>i{x,z) 



Vup - ^ W 



P(z - gf + (P- Hi)(up - zf + Vi(x, z) V(x, z) £ A, n (fi 4 x R) , 

(4.25) 



where /Xj is the function defined in (4.21) and 



^i{x,z) 



div T 
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Let us clarify that in the formulas above (•)+ stands for (•) V 0. 

For x £ £li and —hp < (— l) l {z — up) < , the field <f) reduces to 



2Vup - 2^- -Vvt 



up — z 
Vup Vvi 



f3(z-g) 2 + ({3-Hi)(up - zf 



(4.26) 



and so, by some easy computation and using the definition of up and \ii , we have 

dWcj)(x,z) = 2 \Aup - ^^AvA - 2/3(z - g) - 2(f3 - fj,i)(up - z) 

= 2l3{up -g)- 2 f i l (up ~z)~ 2(3(z - g) - 2(/3 - ^){up -z) = 0. 
For x S Qi and < (— l) l (z — up) < hp, 4> is the sum of the field in ( 4.26| ) and 



\vp ( ( - i)i(z - up) - ¥) vu/3 ' Mx > z) ) ' 

which is clearly divergence free by the definition of 'J'i . Eventually we have, 

div<?(> = in (fl, x R) n A t . 



(4.27) 



It is time now to extend the definition of <$> z . Before writing the explicit expression, we remark that 
conditions (a) and (b) of Section 1 imply that such extension is essentially unique. More precisely if 
(Uj)j=i,... ,io is the family of all connected components of (f2 x E) \ (dA i U dA 2 U (7 x M)), it easy to 
see that <fi z is uniquely determined on (fi \ T) x R = Uj^Uj by ( 4.24 ), ( 4.25 ), and the two following 
necessary conditions: 

• d z <t> z = — div x cf> x in Uj for j = 1, . . . , 10 (which ensures condition (a) of Section 1), 

• 4> + ■ vqij. — cf)~ ■ vqjj. on dUj for every j = 1, . . . , 10, where 4> + an d </ ,_ denote the traces of <p orL 
the two sides of dUj . 

The only freedom is in the choice of 4> z on dUj according to the condition 

" ' v aVj . 



■ ■ v aUj = (j) + ■ v 9U] 



We are now ready to give the complete the definition of 4> z ; for (x, z) € (f2i x R) \ A\ we define <j> z (x, z) 
as follows: 



4> x {x,up + hp) ■ {-Vup - Vhp) + cj) z {x,up + hp) 



(j) x (x,up - hp) ■ {-Vup + Vhp) + cj> z (x,up - hp) 



if z > up + hp, 



if up — hp > z > U2,p + hp, 



(4.28) 



Xi{x,z) + 4> z {x,U2,p + hp) + 4> x (x,u 2 ,p + hp) ■ (Vu 2 jj + Vhp) if u 2 jj + hp > z > u 2 ,p - hp, 



^ x (x,u 2 ,p - hp) ■ (-Vu 2 ,p + Vfyj) + 4> z (x,u 2: p - hp) 
where 



if u 2 n - hp > z, 



Xi(x,z)= I div x (j> x (x,t)dt. 



We remark that in first and in the second line we used the definition of (j) z already given in (4.25), in the 
third line we used the definition of 4> z (x, u 2i p + hp) given in the second one, and finally in the last line 
we exploited the definition 4> z (x, u 2j p — hp) given in the previous one. 
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Analogously, for (x, z) 6 (O2 x K) \ A2 we define </> 2 (x, z) as follows: 



'(f) x (x,U0 - hp) ■ (-Vup +V/1/3) +0 z (a;,u / 3 - fyg) 



^ x (a;, U/3 + hp) ■ (-Vtt/3 - Vft/3) + z (a;, + fyj) 



if z < up — hp, 



if up + hp < z < ux t p - hp, 



(4.29) 



X2{x,z) + </) z (x,ui,p - hp) + cjf(x,ux,p - hp) ■ (Vtti,/3 - Vhp) if u 1>0 - hp < z < m,p + hp, 



^(j) x (x,u 1: p + hp) ■ (-Vui i0 - \7hp) + 4> z (x,u 1: p + hp) 
where 



if u\,p + hp < z, 



Finally we set 



X2(x,z)= I div x (j) x (x,t)dt. 



<j) z (x,z) = on (Tnl) \ (Ax ui 2 ); 



this concludes the definition of 4> which, by construction (and recalling (4.27)), satisfies conditions (a) 
and (b) of Section 1 . 

• 4> z + /3(z — g) 2 > \(j) x \ 2 /4 for almost every (x, z) G Q x R with z ^ u(x) . 

We first prove the condition above in Ai n (Hi x M) , and then in the remaining. For x S fij and 
-hp < {-Vfiz - up) < ^ , by fl4.26| ), we have that 



t z +f3(z-g) 2 = 1 -^ + ( jS _ /ii )( ttia _ z )a > JM f 

so condition (c) of Secton 1 is trivially satisfied, with strict inequality. 

For x € Hi and -j- < (-l) 4 ^ - up) < hp , using the definition of <p we see that (c) is equivalent to 

(1) := 08 - fM)(up - z) 2 + 9i{x, z) > Vup\ 2 {[ ■ ■ ]) 2 - ■ •] (vu - V«i) V U/3 := (2), 

(4.30) 



where we wrote [• • • ] instead of ((-l^fz - up) - ^) + ; by (4.17), (4.5), (4.7), and (4.19), we have 



*;<•<••--> / ^-^[•••]|A«/j|-|V« /S | 
16 



dt 



. — - 5 )| - S\Vup\ -(IVu/,1 + |V^|) + -^|V^| 

> -^5 2 ^G|| 5 || wl ,oo - 5Jf Hflllm- ^(if|| ff || wl> - + tf 3 M +71 ) + ^X 3 /^+ 71 ) , 

therefore, recalling that the all the constants appearing in the last expression depend only on R, S , and 
|g||pi/i,oo , there exists a positive constant C depending on the same quantities such that 



(4.31) 



recalling that \up — z\ > > | we finally obtain 



(1) > {fi — - C/32+T 1 for [3 large enough 



(4.32) 
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Analogously exploiting ( |4.16| ), ( 4.17 ), (4.7), and (19), we discover that 

(2)<Ci, 



(4.33) 



where C± depends on R, 5, and ||g||v^i,«>; combining ( 4.32 ), ( 4.33 ), and recalling ( 4.22 ), we finally 
obtain that there exists bo > (3\ depending only on R, 5 , and ||g||wi,°o such that ( 4.30 ) holds true for 

/3>V 

Before proceeding let us observe that arguing as for estimate (4.33), we easily obtain 

K(*,«)|<C , 2(||Vtti l/ 9||oo + ||V» i ||oo)<Ci for every (x, z) £ At, (4.34) 

where C 3 depends only on R, 5, and ||<7||wi,oo . For (x, z) € (Q,i xRjfl Aj (i 7^ j), by the definition of 
4> x and, by (4.17), we have 

Idiv^l < C 4 (|| V 2 ^ Hoc + ||V 2 «j||oo + IIVm^HL + \\VvA\lc + IIVk^IUIVMIoo) , (4.35) 



where C4 depend only on R, and 5; by using (|4.6|), ( |4.7| ), ( |4.9| ), fl4.18| ), fl4.19|) , and recalling that 71 > 7, 
we deduce, from ( 4.35 ), that 

\Xj\ < SC, {c 5 \\g\\w^P i+1 + C 5 + + (K\\g\\ w ^) 2 + K^fa + K\\g\\ w ^K 3 ^+^ < C 6/ 3^\ 

(4.36) 

where depends only on R , 5, A"(r), and ||g||iyi,o° . 

Using the definition (4.28) for (x, z) £ (£li xl)nA 2 ,we have 



where, by (4.25), 



4> z (x,z) > X i- 2||^ e ||(||Vu 2l ^|| o + ||VMU) + <f> z (x,up - hp), 



4> z (x,U{3 - hp) > -(3(up - hp- g) 2 + $i(x,up - hp). 



(4.37) 
(4.38) 



Therefore, for (x,z) G (fii x M) n A 2 , combining (f4.37| ) and ( |4.38| ), and using (fr.7|), fl4.19|) , fl4.3l|) , 



(4.34), and (4.36), we obtain 



*-(x,z)+P(z-g) 2 - 



> /?[(*- gf - (up -hp- g) 2 ] - \ Xi \ - 211^1100(1^^1100 

U x \\ 2 

+ ||Vu 2 ,^|| 00 ) + *i(x, up - hp) - 

> /3[(7/16) 2 5 2 - (3/16) 2 5 2 ] - C 5 /35+7i _ c 3 (K 3 ^+^ + K\\g\\ wl ^) 
(C3) 2 



-C/3 



5+71 



where we used also the fact that that \z— g\ > \z— up\ — \up — g\ > 5/2 — 5/16 = (7/16)5 and, analogously, 
that \up - hp- g\ < 5/16 + 5/8 = (3/16)5 (see |b5|)); as \ + 71 < 1, there exists b x > depending 
only on R, 5, A Q (r), and ||<?||^i,oc such that 



Hx,z) + P(z-g) 2 - 



> 0, 



for (3 > bi and for (x, z) € (fii x R) n A2 . Analogously we can prove the existence of a constant 62 > 
depending on the same quantities such that 



'■{x,z) + (3(z-g) 2 - 



> 0, 
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for (3 > b 2 and for [x, z) G (CI2 X R) PI A\ . Arguing exactly in the same way (in fact exploiting the same 
estimates), one can finally check that there exists 63 > depending on R, S, A a (r), and ||g|| w i,o°, 
such that 

^+(3(z-g) 2 -^>0 



holds true for (x, z) € (0 X R) \ (A\ U A 2 ) and (3 > 63 . If we call P2 '■— max{6 , W, b 2 , ^3} we have that 
for (3 > 02 condition (c) of Section 1 is satisfied for almost every (x, z) in 17 x K with strict inequality 
if z 7^ u(x) . 

• (j>(x, Up) — (2Vug, 1 Vupl 2 — P(u/3 — g) 2 ) everywhere in Cl\T . 
Condition (d) of Section 1 is trivially satisfied, as one can see directly from the definition of <p . 



(j) x (x,t)dt = v U/3 = —v H n -a.e. on V. 
By direct computation, for igT, we have 



* ( ^)dz = (M 2 — -(M 2Vui 



112,13 



"2 



Vl 



(4.39) 



Using ( 4.10 ), ( 4.11 ), and the fact that Vi = 1 on T, we obtain 



Ml V(* z)dz-+ 1 -^- 1 -^- 



so that condition (e) of Section 1 is satisfied. 



<t> x {x, z) dz 



< 1 for every ti, ti G R and for every x G Q . 



It is convenient to introduce the following notation: for every and for every s , t G R , we set 

I(x,[s,i\) := / cf) x (x,z)dz, 



where, with a slight abuse of notation, [s, t] stands for the interval [s At, s Vi] positively oriented if s < t, 
negatively oriented otherwise. We define 



dp(n(x)) 



h(n(x)) — e 



If \d(x)\ > dp(ir(x)) , recalling that, by definition, h@(x) = e we have 



\I(x,t u t 2 )\ < 



«l,y3+£ 



2|| Vui^Hoo + ^|| Vui^Hoo ("i,/3 - § - 2) + 4|ui,/3 - z||| VuiHoo ) dz 



«2,/3— E 



2||Vu 2 ,/3||oo + f ||Vm 2 ,/5||oo (-U2./3 ~ f + *) + 4|«2,/J " z\\\Vv 2 \\ 



< 6e|| Vmi^Hoo + 4£ 2 ||Vwi|| 00 + 6e|| Vw2,,3||oo + 4e 2 ||Vw 2 ||oo < -, 



dz 
(4.40) 



where the last inequality is due to fl4.16|) , therefore condition (f) is satisfied. 
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Let us consider now the case of a point x where \d(x)\ < dp(Tr(x)). For x € ili U T we set 



n{x) := — 



|V«i| |V«a| : 



note that n(x) = i/ U/3 (a;) for every x G T. Given any vector valued function £ : f2 — > R™ , we call £ and 
£ll the vector valued functions such that ^(x) and £"(x) are equal to the projections of £(x) on the 
orthogonal space and on the space generated by n(x) , respectively. We denote the open unit sphere of 
R™ centred at the origin by B and the open ball of l n centred at the point —rn(x) with radius r, by 
A(x, r) . Finally, for x E ft and t £ R we introduce the following vector 



where ji is defined by 



bi(x,t) := {-l)\2{t - ui,p) - ji(x,t)) (Vui^Y , 



ji(x,t):=f- I ({-iy{u^-z)- h -i-) + dz. 



CLAIM 1. There exists a positive constant Co > 0, depending on R, S , A Q (r), and ||5||w l o ° ; with the 
property that for every x G f2 such that \d(x)\ < dp(-jr(x)), for every < £ I such that \t— Ui t p(x)\ < hp{x) , 
and for (3 > cq , we have 



(~l) l+1 /(x, [ Ui ,p, t}) + bi(x, t) e A(x, 1/3). 
A straightforward computation gives 



(-l) l+i /(x, [ui,p{x), t]) + bi(x, t) = 2(-iy +i \7u hl 3(t-u lJ3 ) + {-l) l ji(x, t)Vu it0 + (-1) 



(4.41) 



+ 2(-\y{t - Ui tfi ) (vu hfj y + (-iy +1 ji(x, t) (v« iij8 ) 



(-iy + \2(t - u i<0 ) - 3l (x,t))(vu h(3 y 



|Vi& 



(t - Ui^) 2 n{x) 



and so the claim is equivalent to prove that 

(2 - ji(x,t)(t ~ «i,/j)" 1 ) a [(V«i,/3)- L ] 2 (* - u i:0 f + ^f-(t - u^f - 
as < 2 — ji(x, t)(t — u^) -1 < 2 everywhere, it is sufficient to prove that 



(t-u lJ3 ) 2 <0; 



(*) :=4|(Vu <l/3 ) x | +h% 



\V Vl \ 2 2|V U? ; 



3 Vi 



< 0. 



Since, by ( |4.11 ), h%^^- = \ for x S T, we can esti 



estimate 



(*)=4[(V« 4t/3 )- L ] 2 -i&i <0 onT, 
6 Vi 



(4.42) 



(4.43) 



where the last inequality follows from (4.14). In the following we denote by du\ the differential operator 

a M |/(x) = v/(x) • v|d(x)|, 



defined for x S [T)r \ T; noting that, by the estimates (4.9), we have 



, |V«i| 



< c 



d \d\ 



<c, 
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where C depends only on R, S, and ||<?||wi,oo, an d using ( 4.12 ), ( 4.16 ), ( 4.18 ), (|4.6[) , and ( 4.19| ), one 
sees that 



± ± J^\\ „ . , , 3 „ |V^| 2 2 |V«( 
8(Vu l!/3 ) • 0| d | (Vtt ij(8 ) +2 — —hpd\ d \hp + hjd\ d \ — s -9| d | 



< 8cKK 2 f32 



2+71 



g\\w*.- \KzH h+ ~ n + S 2 C + C; 



as 71 > 7 and since all the constants appearing in the last inequality depend only on R , £ , A" (r) , and 
||g||;yi,co , it is clear that there exists cq > depending on the same quantities such that 9uif( *)) < , 
for x r such that \d(x)\ < dp(Tr(x)) and for (3 > cq. Therefore, taking into account ( 4.43 ), ( 4.42 ) 
follows immediately: Claim 1 is proved. 

CLAIM 2. There exists a positive constant ci , depending only on R, S , A Q (r) , and Hsllw 1 ' 00 > such 
that for every x G O, ti, £2 € with < dp(ir(x)) , \ti — Ui t p\ < hp, \t 2 — M 2.^| < ^/3 7 and for 

every /3 > ci , we have 



I(x, [u 2 ,p, ui,p\) - bi(x, t\) ~ b 2 (x, t 2 ) = b(x, t\,t 2 )n{x), 



(4.44) 



with b(x, t\,t 2 ) < 1 • 

First of all observe that for every x Q I(x,u 2 ,p,ui t p) is a vector parallel to n(x), by ( 4.39 ); it is 
also clear that 

\I{x, [u 2 ,p,Ui,p]) - bi(x,t) - b 2 {x,t)\ < \I(x,[u 2t p,u 1} p])\ + (Vui,^)" [(2hp + ji(x, hp)) 

+ {Vu 2 ,p) l{ {2hp+j 2 (x,hp)) 

< \I(x,[u 2 ,p,u h p])\ +4/1/3 ( (Vui,/j)" + {Vu 2j p) l] ) 
=: 771/3(0;); 

therefore it is sufficient to prove that mp(x) < 1 for |d(x)| < dp(ir(x)), if /3 is large enough. Since 
mp(x) = \I(x, U 2t p, ui t p)\ = 1 for every a; G T, it will be enough to show that d\ d \mp(x) < for x 
such that \d(x)\ < dp(i r(xj) . We don't enter all the details, indeed arguing as above, that is using (4.7), 
(pl ), (gj), and jOq) , one easily sees that the derivative of hp which is negative and of the same order 
as /35+ 71 , dominates the other terms and so there exists a positive constant c\ > depending on R, S , 
A"(r), and ||<7||w rl .°° , such that d\ d \mp{x) < for (3 > c\ : Claim 2 is proved. 

We set /?3 = max{c ,ci} and we are going to prove that condition (f) of Section 1 is satisfied for 
> 03. We will check the condition only in Hi xl: for £l 2 x M the argument would be analogous. Let 
x G Oi and t 2 < t\ two real numbers such that \t 2 — u 2 ,p(x)\ < hp{x) and \t\ — up(x)\ < hp(x) ; first of 
all it is easy to see, by explicit computation, that 



I(x,[t 2 ,ti])-n(x) >0; 

recalling that, by Claim 1, 

I(x, [up, ti]) + bi(x, ti) G A(x, 1/3) and 

we have 



(4.45) 



I(x, [t 2 ,u 2 ,p]) + b 2 (x, t) G A(x, 1/3), 



I(x, [t 2 ,ti]) = I(x, [u 2l p,Up]) - h(x,ti) - b 2 (x,t 2 ) + I(x, [t 2 ,u 2> p]) +b 2 (x,t 2 ) 

+I(x, [up, t%]) + b\(x, ti) G I(x, [u 2t p, up}) - bi(x, ti) - b 2 (x, t 2 ) + 2A{x, 1/3), 

therefore, taking into account ( [4.45| ), 

I{x, [t 2 ,t{\) G (I(x, [u 2< p,up]) - bx(x, h) - b 2 {x, t 2 ) + A(x, 2/3)) n H + , (4.46) 



24 



where H + is the half-space {£ € M" : £ • n(x) > 0}. By elementary geometry it is easy to see that 
(bn(x) + A(x, r)) n i/ + C B for < 1 and for r 6 (0, 1) , and hence, invoking Claim 2, we get 



I(x > [t u t 2 ]) € {I(x,[u 2 ,p,up])-b 1 (x,t 1 )~b 2 (x,t 2 )+A(x,2/3))nH+ 
= (b{x, t u t 2 )n(x) + A(x,2/3)) n H+ c S. 

If (:c,ii) and (x,t2) belong to Ai it is easy to see, by explicitly computing the integral, that 



\I(x, [h,t 2 })\ <h}(x) 



|V«< 



+ 



25, .„ 1 25 1 25 1 

ha Vu, a < 1 f= H f= = 1. 

/ ! ^' 32^/3 32 V3 



(4.47) 



(4.48) 



where the last inequality follows from (4.12), ( 4.15| ), and ( 4.11 1 ) (w e recall that for (3 large enough 
dp(Tr(x)) < D, for every x, being D the constant introduced in (|4.12] )). 

We now consider the general case. Let x € fii , ii , f2 G 1 with t\ < t 2 ; since s vanishes out of the 
regions A\ and A 2 , we have 

I(x, [h,t 2 ]) = I(x, [h,t 2 ] n [u 2 ,p - hp,u 2 ,p + hp}) + I(x, [ti,t 2 ] n [u/3 - /i/3,U/3 + fys]); 



by (4.48), each integral in the expression above has modulus less than 1, so that if one of the two is 



vanishing condition (f) is verified. If both are non- vanishing, then 

[h,t 2 ] n [U2,p - hp, up + hp] = [si,s 2 ], 

with \s\ — u 2t p\ < hp and \s 2 — up\ < hp, so that, again taking into account the fact that <jf vanishes 
out of the regions A\ and A 2 , 

\I(x, [ti,t 2 })\ = \I(x, [t\,t 2 ] n [u 2: p - hp, up + hp})\ = \I(x, [si,s 2 ])\ < 1, 



where the last inequality follows from (4.47): condition (f) of Section 1 is proved. 

Since, by construction, <f> has vanishing normal component on dVL xl, if we set (3 :— max{/?i, (3 2 , (3%} 
we have that conditions of Section 1 are all satisfied for (3 > (3: the theorem is proved. □ 

A similar result holds true also if T is made up of several connected components, as the following 
theorem states: we omit the proof, since it is essentially the same as the previous one. 

Theorem 4.3 Let Q as above and let fii, . . . , fifc a family of open disjoint subsets belonging of class 
C 2 ' a and let R > such that Qi G Ur(VI) for i = 1, . . . , k and dist (Sl^ , flj) > R for every i 7^ j . Set 
r := dfli U ■ ■ • U dilk ■ Then for every function g belonging W '°°(fi \ V) , discontinuous along Y (i.e. 
S g = r ) and suc h that g + (x) — g{x) > S > for every x € V , there exists (3g > depending on R, S , 
A"(F) (see ( |3.l| ) ), and WgWw 1 ' 00 r such that for (3 > (3$ the solution up of (4.4) is discontinuous along 
T ( S u „ —T) and it is the unique absolute minimizer of Fp tg over SBV(£l) . 



Remark 4.4 We remark that refining a little the construction, it is possible to improve the result of 
Theorem L2 as follows: 

there exist 5* > and (3q > such that, for every (3 > (3q and for eve ry g £ W 1,co (n \ T) , with 



\\gWw 1 - 00 ^ P an d such that infr(.g + — g~) > S , the solution up of (L4) is the unique absolute 
minimizer of Fp i9 over SBV(fl) . 

The main difficulty comes from the fact that instead of (4/?) we have the weaker estimate 

IIVu/jIU <kp s '. 

Such a difficulty can be overcome replacing, in the construction above, v\ and v 2 by v\ t p and v 2 ^p 
defined as 

I 2 — z 2 c pii>' (X) it x S \ l 2 
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and 



(x) 



(x) 



if x € f2 2 
if x £ Hi, 



where ^.c^ 4 - 5 * and z 2 , c p4s* are the two functions constructed in Lemma LI with A = c(3 . One can 
check that if 8* is sufficiently small and c sufficiently large, all the conditions of Section 1 are still satisfied 
for /? large enough. 



4.2 The two-dimensional case 

As stated in the Introduction, in dimension two we are able to treat the case of il with piecewise smooth 
boundary (curvilinear polygon) and of L touching (orthogonally) dil. 

Lemma 4.5 Let fl, S , and T be as in Proposition and denote by Hi , f2 2 the two connected com- 
ponents of il\T . Then for every 6 > there exist two positive constants c and /3q depending on T and 
6 (and f2 of course) such that, for (3 > /3o, we can find two functions z\$ : Cli — > R and z>i,$ ■ ^2 - * K 
0/ c/ass W 2, °° with the following properties: 

i) h ^ z i./3 — 1 in fli , for i — 1, 2 and z,.^ = i in f2 \ (r),5 ; 

ii) Azi t /3 < cfizifi in Hi, for = 1,2; 

iii) zi^(a;) = 2:2, = 1 and d v Zi t p(x) — —d v Z2,p{x) > \/p /or ewerj/ X S L; 
iwj IIV^Hoo < cy/P and \\ V 2 £i,/3||oo < c/3 . 

Proof. Let us denote by Xi and X2 the two intersection points of T with dil. If we are able to find 
a function d belonging to W 2 '°°((T)s> (1 il) (for a suitable 5' < dist(<S, L)) such that d is vanishing on 
T, positive in f2 2 n (T)s' , negative in fix H (T)g' , satisfying d v d = on 90 n T 5 ' and c^d / on f. 



we are done: indeed we can proceed exactly as in Lemma 4.1 using d in place of d. We briefly describe 
a possible construction: as in Proposition ^6| we can find a neighbourhood Ui of Xi (i = 1,2) and a 
C 1,1 function ipi vanishing on T C\Ui, positive in ^2 H C/i , negative in fix fl C/i and such that <9„?/>i = 
on dil n Ui and cA,-0i 7^ in r PI Ui . Now we can define d := 9itpi + 9d + 62^2 , where 61 , 2 , and #3 
are suitable positive cut-off functions such that 61 + 9 2 + O3 = 1 , while d is the usual signed distance 
function from T , positive in il 2 and negative in Qi (it is well defined in V s if 5' is small enough). □ 

Theorem 4.6 Let ft, Hi, CI2, and T as in the previous Lemma and let g be a function in W '°°(Cl\T) , 
discontinuous along T (i.e. S g = T) and such that g + (x) — g~(x) > S > for every x G P. Then 



there exists fio > depending on T, S, and ||p||^i,oo, such that for /3 > /?o the solution up of (4.4) is 
discontinuous along T (S u „ = T ) and it is the unique absolute minimizer of Fp >g over SBV(fl) . 

Proof. As above, let us denote by S the set of the singular points of dfl. If f2 is regular (i.e. 5 = 0) 



we can recycle exactly the same construction of Theorem 4.2. If S 7^ 0, an additional difficulty is due to 
the fact that we are not able to prove that HVit/^H/wn) < C with C independent of f3 . Since we can 
perform such an estimate only in a neighbourhood of T which does not intersect S , the idea will be to 



points in order to exploit estimate (3.24) 



keep the construction of Theorem 4.2 in that neighbourhood and to suitably modify it near the singular 



Denote by 7x and 72 the two curvilinear edges of il containing the intersection points of T with dfl 
and choose S > so small that (T)s H S = , (r)<5 D dil = {Y)$ n (71 U 72) , and d and 7r are well defined 



and smooth (according to Lemma 2^3) in that neighbourhood 



Let us choose (3 1 > and G > such that, for (3 > f3' , 

\\ u f3 -fl|U°°(n) < and y/PWup - g\\ L oa (n) < G\\g\\ w i,^ {n) i = l,2,: (4.49) 
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this is possible by virtue of Proposition 3.4 



Again it is convenient to extend the restriction of up to fij (i = 1, 2) to a C ' function Ui t p defined 
in the whole £1 , in such a way that 



Ui,p(x) = up(x) in fij, ||ui,/3||iva.«>(n) < c\\u/3\\w 2 ^{{V) s r\n), and u 1: p - u 2 ,p > -S everywhere, 

(4.50) 

where c is a positive constant independent of (3 . We require also that 

dvUifi = on dfl. 

By ( |3.27 ) and (4.50), and by (3.24), we can state the existence of two positive constants K and (3" 
depending only on T , such that 

\\^u hl3 \\ L ^ {niU{r)sr]n) < K\\g\\ w i,^ {n) for i = l,2, and ||Vu^|| L = (n) < (3^ K\\g\\ w i,^ {n) 

(4.51) 

for every (3 > (3" (above and in the sequel, i denotes the comlement of i , i.e., I is such that i, i = {1, 2} ). 
Let 0"' > satisfying 



W = max{4(K|| ff || H/1 , oc ) 2 ,64/5 2 ,/3',/3",/?o} + 1, 



(4.52) 



where /3o is the constant appearing in Lemma [h^ and Z\^m , and let Z2 : f3>>> be the two functions con- 
structed in Lemma 4.5 with A = (3"' . We denote by vi , t> 2 the functions defined as follows: 



vi(x) 



Zi,/3"' ( x ) h° x G f2i 
2 — Z2,/3'"(x) if x G fl2 



v 2 (x) = 



Z2,0"'(%) if X G 0.2 

2 — z\.fitn{x) if x G Hi, 



and we choose < D < 6 in such a way that 

. . , . 1 ~n, , NX |V«i| 25 1 

|v^)|>-, h»w*))L-A <i-^> 



where 



h(x) = -L|Vwi(a;)|-3 = ^|Vw 2 (z) 



if |<f(a;)| < £», i = 1,2, 



Vz G T. 



Then we choose £ G (0, 1) in such a way that 



(4.53) 



12e||Viti, / 3|| L oo (n . u(r)i)nn +4e 2 ||Vu i || L oc (n) < - for i = 1,2 and ^ > (3" 



(4.54) 



Let 7 be a fixed constant belonging to (0, ^ A a): by Proposition 3.6, we can find two positive 
constants (3 1V and K% such that 



l|V 2 u /3 || L ^ ((r)i5na) < K2f3i +1 \\g\\ w i,^ (n)l 



(4.55) 



for every (3 > (3 1V . 
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Now we can define, for j3 > , 



hp(x) 



f (h(*(x)) - \d(x)\) V e if \d(x)\ < § 



U(K*)|) 



where 71 is a fixed constant belonging to (7, i) and : {5, +00) 
satisfying 



Z\d(x)\ > #, 

M is the continuous function 



fp ( TT 



//?(*) = s p := {p^^K\\g\\ w ^ {n) 



for t > D fp is affine in 



2 ' 



(4.56) 



It is easy to see that there exists (3 V > such that hp is continuous (in fact Lipschitz) for (3 > (3 V . 

Finally we introduce a new function u^p which is a modification of u^p in the region where we cannot 
perform a uniform control of the L 00 -norm of its gradient; such a function must satisfy, for i = 1,2: 



Ui t p(x) = Ui t p(x) for x g fii u (r) d n £1 



and 



Ui,p(x) = g(x) for a; G Oj \ (r) D , 



(4.57) 



l|Vw li/3 || L o= (n) < c(||Vw (3 || L =o ((r)D) V \\Vg\\ L ^ {n) ) and \\u h p - g\\ L ^ {n) < \\up - g\\ L ^n), (4.58) 

where c > is independent of /3: a possible construction is given by 

u h p(x) = 9 ((-l) l d(x)) u h p +[1-9 ((-iyd(x))] g(x), 

where 9 is a smooth positive function such that 9(t) = 1 for t < D/2 and 9(t) = for t > D . Now for 
(3>fii:= max{/3",/3"',/3 lv ,/3 v } we consider the sets 




Ai := {(x, z) G ft x K : Ui,p{x) — hp(x) < z < u^p{x) + hp(x)}, 
hp(x) := [1 + (2/£>)(|d(aO| - I>/2) + ] hp(x), 



i = l,2; 



(4.59) 



2^ 



16 
/l0 



-^•J Vu ii/3 if (x, z) G Ai, 
otherwise, 



Vup 



up 



-Vv' 



f3{z - gf + Hi){up - zf + % 



where the functions $1 and /ij are defined exactly as in the proof of Theorem |4.2| . At this point, as in the 
proof of Theorem [h^, the vertival component <p z can be extended to the whole Q x R in order to satisfy 
conditions (a) and (b) of Section 1 (we do not rewrite the explicit expression). First of all observe that 

in f (f- 1 ) — H Qj x K the definition of <fr is the same as in Theorem 4.2, then, we can state the existence 

of a constant /3' Q > depending on T , S , and ||<?||iyi,oo such that <fr satisfies (a), (b), (c), (d), (e), (f), 

and (g) of Section 1 in ((T)d HQ) xR. 

From now on we focus our attention on what happens in \ (r)_o^ x M. 

Concerning (d), we have only t o che ck that for (3 large enough the graph of u^p belongs to Ai , but 
this follows from the fact that, by (1.56), Aj contains the sp -neighbourhood of the graph of u^p, where 
sp is of order (3~i , and from the fact that, by ( 4.4S ) and ( 4.5S ), it holds 

\\u%,p - Ui t p\\oo < \\u it p - g\\oo + \\ui,p - g\\oo < C/3~^. 
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Concerning condition (c), it is clearly satisfied in Ai, then it remains to check, for j3 large enough, the 

inequality tp z (x,z) + (3(z — g) 2 > holds true outside Ai. For x € kii \(r)|jnrj such an estimate 

can be performed using estimates fljjg ), ( ^55| ), @U58| ) and arguing as in the proof of Theorem [4.2| Now 
let (x, z) belong to [(Oj \ (r) D ) x R] \ 4 ; and suppose also that u 2< p(x) + hp(x) < z < u lt p(x) — hp(x) 
(the other cases would be analogous); since 4> z (x, z) — (f>(x, u^p + (—lyhp) ■ (-Vu^ + (— l)' I+1 V/ia, 1) 
and observing that <j>{x,iii t p + (— l) l hp) reduces to 



(2V«/9, |Vii,g| 2 - /?(z - g) 2 + (3{up - zf) 



we obtain 



z (x,z)+f3(z-g) 2 > -\Vup\\Vui,p\-2\Vup\\Vhp\+p{up-z) 2 
> -\Vup\\Vu h p\-2\Vup\\Vhp\+ p S 2 ; 

in the last expression the positive term /3s 2 , which behaves like (3% (see the definition of sp) dominates 
the negative ones, indeed these are either bounded or of the same order of |Vu^| which is less or equal 
to the order of /3* , thanks to ( 4.51 ): therefore for (3 large enough we get the desired inequality. 

About condition (f) we first observe that if t\ , t 2 € K and x € ((F)d \ (r) n fi then we obtain 



< 



< 



< 



< 



4> x {x, z) dz 

2 

E 



< 



i=l 
2 



MlV^Hoo + gUVu^lU ((-!)'(* - - ^) + + 4|u i>/3 - JflllVwilloo^ dz 



4||Vu 



2,/3 || OO 



£ + 4e 2 ||Vw 4 



16 



16, 



4||Vu i . (3 || 00 e + 4E 2 ||Vv i || 0o + — 1| Vu it p || oo{ui,p ~ Ui,pY + 8||Viti,/3||oo£ 

s 



< 



E 

i=l 
2 

E 

i=l 
2 

[^UVu^lUe + 4e 2 ||V^|| 00 + C/T 5 

|^ the fact that jj|| Vui il g|| o('"i >i a — Ui^p) 2 < C/3 _ 3 follows from estimates 
(4.51), flOgl ), ( |4~58| ), and the definition of s/j] 

1 

2' 



if /3 is large enough, thanks to ( 4.54 ). 
If x G fij \ (r) d then we can estimate 



(/> x (x, z) dz 



* ^l,/3 ||oo 



1 



by (4.51) and the definition of s^. Also condition (f) is proved; since, by construction, <f> has vanishing 
normal component along <9fi x R, the theorem is completely proved. □ 
Now we can state a theorem which is the analogous of Theorem 4.3. 



Theorem 4.7 Let fi as in Proposition 3.t and Y = 71 U • • • U 7& where for every j = 1, 



7j 



either a simple, connected, and closed curve of class C 2 a contained in fi or a connected curve with the 
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same regularity outside a neighbourhood of its endpoints (where it is supposed to be of class C 3 ), which 
meets orthogonally dQ in two regular points; suppose in addition that 73 PI Jj = if i =/= j . Then for 
every g € W 1,ca (Q, \ Y) discontinuous along Y and such that g + (x) — g~(x) > S > for every x £ Y , 



there exists flo > depending on Y, S, and \\g\\ w i,oo , such that for /3 > /?o the solution up of (4.4) is 
discontinuous along Y (S Up = T) and it is the unique minimizer of Fp tg over SBV( fl) . 

5 Gradient flow for the Mumford-Shah functional 

In this section we are going to apply the previous results to the study of the gradient flow of the Mumford- 
Shah functional by the method of minimizing movements (see Section 2) with an initial datum uo which 
is regular outside a regular discontinuity set T: we will show that, for an initial interval of time, the 
discontinuity set does not move while the function evolves according to the heat equation. Our main 
result is stated in the following theorem: 



Theorem 5.1 Let il and V be either as in Theorem (Ji or as in Theorem \4 % Suppose that 



uo is a 

function belonging to W 2 '°°(Q \ Y) , discontinuous along Y , and such that Uq(x) — Uq(x) > S > for 
every ieT and 8 u uq = on dVL U Y . Then there exists T > such that the minimizing movement for 
the Mumford-Shah functional is unique in [0, T] and it is given by the function u(x,t) satisfying 

S u{ ., t ) = T we[o,T], 

and 

'd t u = Au in x [0,T], 

d v u = on 9(fi\T) x [0,T], 

u(x, 0) = uq(x) in CI \ Y. 

Proof. For fixed 5 > 0, let vg(t) be the affine interpolation of the discrete function 

v s :SN -> H\n\Y) 
v s (Si) h-> v s ,i, 

where vs,% is inductively defined as follows: 

vs,o = uq, 



Vgj is the unique solution of (5-1) 

min f |Vz| 2 dx + — f \z — vg ^ 1 1 2 dx. 

zeH^n\r)J n \ r $ Jn\r 



Claim 1 . For every T > , we have that 

v s ->v in L oo ([0,r];i oo (f7\r)) as <5 ^ 0, 

where v is the solution of 

'd t v = Av in x [0,T], 

d„v = on d(n\Y) x [0,T], (5.2) 

v(x, 0) = uo(x) in f2 \ r. 

We will show that the functions (vs)s>o ar e equibounded in C°' 1 ([0, T}; L°°(f2 \ Y)) : since it is well 
known that, for every T > 0, Vg — > v in L°°([0, T]; L 2 (Q \ Y)) as S — + (see for example H), the a priori 
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estimate in the C ' -norm (via Ascoli-Arzela Theorem) will give the thesis of Claim 1. First of all we 
will show that 

HAivHoo < HAuoIIdo V<5 > 0, Vi g N. (5.3) 
We first prove it for vg t i : if e > || Auo||oo//3, then v\ := uq + e and v 2 '■= Uq — e satisfy: 

(Avi < (}{vi - u ) mO\T f Av 2 > (3{v 2 - u ) in Q, \ T 
\d v vi=0 ond(fl\T),\d u v 2 = on d(Sl\T), 

that is v\ and v 2 are a supersolution and a subsolution respectively of the problem solved by v± t s ■ This 
implies that 

AmqUoo 



\Vl,S - Uolloo < 



which is equivalent to 



IIAwi^Hoo < ||Au || 

By the same argument we can prove that 

HAUj^Hoo < IIAUi-i^Hoo 



Vi > i - 1 



and so (5.3) follows by induction on i. 

By a standard truncation argument, one can prove also that 

Killoo < IkolU V<5 > 0, Vz £ N. 
Then for s , t > , using Claim 1 , we can estimate 

N(t) - »*(s)||oo < / ||(v*)'(0llcx> d£< f BupHAwa.iHoo dC< IIAuolUlt-al; 

J s J s i 



(5.4) 



this, together with (5.4) con cludes the proof of Claim 1. 

As a consequence of (5.3), by the well-known Calderon-Zygmund estimates, we get the existence of a 
constant C such that 



HVtvlloo < CHAwmHoo < CHAuolloo V<5 > 0, Vz e N. 
It is well known (see, for example, pi]) that 

v(t)->u a ini°°(n\r) asi^0 + ; 
therefore, by our assumption on uq , for every < c < S we can find T c > such that 

inf \v + (x,t) - v~(x,t)\ > c Vi £ [0,T C ], 

and therefore, by Claim 1, we can choose Sq > such that 

inf \v+ (t, x) - vj (t, x)\ > ^ Vi g [0, T c ] ,V6<5 . 
xer z 



(5.5) 



(5.6) 



(5.7) 



We recall now that, by Theorems |4.3| and |4.7|, there exists (3 such that, for every function g £ W ,00 (£l\r) 
satisfying 



|Vs||oo < C\\Au \\ 



m£\g+(x)-g (x)\ > -, 
igr z 



(5.8) 
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where C is the constant appearing in ( |5.q ), and for every (3 > (3, the function up^ g solution of (4.4), 
minimizes the functional Fp t g over SBV(fl). 

Claim 2. For every S < 5q A (/3) _1 the 5 -approximate evolution Ug(t) (see the end of Section 2 for 
the definition) coincides in the interval [0, T c ] with the function v$(t). 

Clearly it is enough to show that 



vs.i = u S:i for i = 0,. 



and this can be done by induction on i : indeed for i = the identity is trivial, and suppose it true for 
i — 1 (for i < ); this means in particular (by ( |5 . 5| ) and by (5.7)) that g = ug.i-i satisfies ( |5.8| ) and 
so, being \ > /?, we have 



USA 



vs-, 



Claim 2 is proved and the thesis of the theorem is now evident. 



□ 
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